
9. Òîæäåñòâî Áåññåëÿ è ïðèëîæåíèÿ äëÿ îñíîâíîé òðè-
ãîíîìåòðè÷åñêîé ñèñòåìû ôóíêöèé

Ïóñòü 2π�ïåðèîäè÷åñêàÿ ôóíêöèÿ f(x) ÿâëÿåòñÿ èíòåãðèðóåìîé ñ êâàä-
ðàòîì íà îòðåçêå [−π, π].

Çàìåòèì, ÷òî â îáùåé òðèãîíîìåòðè÷åñêîé ñèñòåìå ôóíêöèé â êà÷å-
ñòâå ïåðâîé ôóíêöèè âìåñòî åäèíèöû ìîæíî âçÿòü 1

2 . Òîãäà îíà ïðèìåò
âèä
1
2 , cos x, sin x, cos 2x, sin 2x, . . . , cos nx, sin nx, . . .

Ðÿä Ôóðüå ïî ýòîé ñèñòåìå èìååò òîò æå âèä

f(x) ∼ a0

2
+

∞∑
n=1

an cos nx + bn sin nx.

Òîãäà ïðè ëþáîì n = 0, 1, 2, . . . âûïîëíÿåòñÿ ðàâåíñòâî
π∫

−π

[f(x)− sn(x)]2dx =

π∫

−π

f 2(x)dx− π

[
a2

0

2
+

n∑

k=1

(a2
k + b2

k)

]
, (1)

ãäå

sn(x) = sn(x, f) =
a0

2
+

n∑

k=1

ak cos kx + bk sin kx (2)

� ÷àñòè÷íûå ñóììû ðÿäà Ôóðüå
Äåéñòâèòåëüíî, ñ èñïîëüçîâàíèåì (2) è îðòîãîíàëüíîñòè ëþáûõ äâóõ

ôóíêöèé èç äàííîé ñèñòåìû ïîëó÷èì
π∫

−π

[f(x)− sn(x)]2dx =

π∫

−π

f 2(x)dx− 2

π∫

−π

f(x)sn(x)dx +

π∫

−π

s2
n(x)dx =

=

π∫

−π

f 2(x)dx− 2

π∫

−π

f(x)

[
a0

2
+

n∑

k=1

ak cos kx + bk sin kx

]
dx+

+

π∫

−π

[
a0

2
+

n∑

k=1

ak cos kx + bk sin kx

]2

dx =

1



=

π∫

−π

f 2(x)dx− 2

[
a0

2
· πa0 +

n∑

k=1

(akπak + bkπbk)

]
+

π∫

−π

a2
0

4
dx+

n∑

k=1


a2

k

π∫

−π

cos2 kx + b2
k

π∫

−π

sin2 kx


 dx =

π∫

−π

f 2(x)dx−π

[
a2

0

2
+

n∑

k=1

(a2
k + b2

k)

]
.

(Çäåñü èñïîëüçîâàëè îðòîãîíàëüíîñòü ñèñòåìû è
π∫
−π

cos2 kxdx = 1
2 ·2π = π,

π∫
−π

sin2 kxdx = 1
2 · 2π = π.)

Ðàâåíñòâî (1) íàçûâàåòñÿ òîæäåñòâîì Áåññåëÿ äëÿ îáùåé òðèãîíî-
ìåòðè÷åñêîé ñèñòåìû (îíî âåðíî îòíîñèòåëüíî ëþáîãî n).

Èç (1) ñëåäóåò íåðàâåíñòâî Áåññåëÿ â ñëó÷àå òðèãîíîìåòðè÷åñêîé ñè-
ñòåìû

a2
0

2
+

n∑

k=1

(a2
k + bk)

2 6 1

π

π∫

−π

f 2(x)dx < +∞; n = 0, 1, 2, . . .

Îòñþäà, ïåðåõîäÿ ê ïðåäåëó â ëåâîé ÷àñòè ïðè n →∞ (â ñèëó ìîíî-
òîííîñòè ïðåäåë ñóùåñòâóåò), ïîëó÷èì ñõîäèìîñòü ðÿäà

a2
0

2
+

∞∑

k=1

(a2
k + bk)

2 6 1

π

π∫

−π

f 2(x)dx.

Â òîì ñëó÷àå, êîãäà ýòî íåðàâåíñòâî ïåðåõîäèò â ðàâåíñòâî

a2
0

2
+

∞∑

k=1

(a2
k + bk)

2 =
1

π

π∫

−π

f 2(x)dx, (3)

ãîâîðÿò, ÷òî âûïîëíÿåòñÿ ðàâåíñòâî Ïàðñåâàëÿ èëè óðàâíåíèå çà-
ìêíóòîñòè.

Êàê ñëåäóåò èç òîæäåñòâà Áåññåëÿ (1), ðàâåíñòâî Ïàðñåâàëÿ (3) èìååò
ìåñòî òîëüêî òîãäà, êîãäà

lim
n→∞

π∫

−π

[f(x)− sn(x)]2dx = 0. (4)

2



Åñëè âûïîëíÿåòñÿ ðàââåíñòâî (4), òî ãîâîðÿò, ÷òî ðÿä Ôóðüå ñõî-
äèòñÿ ê ñàìîé ôóíêöèè f(x) â ñðåäíåêâàäðàòè÷íîì.

(Äåëî â òîì, ÷òî âåëè÷èíà d(f, g) =

(
π∫
−π

[f(x)− g(x)]2dx

) 1
2

îáëàäàåò

ñâîéñòâàìè ðàññòîÿíèÿ: 1) d(f, g) > 0; 2) d(f, g) 6 d(f, ϕ) + d(ϕ, g);...)
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