
13. Ðÿäû ïî êîñèíóñàì è ðÿäû ïî ñèíóñàì

Ïóñòü f(x) � ÷åòíàÿ ôóíêöèÿ, çàäàííàÿ íà îòðåçêå [−π, π] (èëè æå ÷åò-
íàÿ ïåðèîäè÷åñêàÿ ôóíêöèÿ).

Òàê êàê cos nx ÷åòíàÿ ôóíêöèÿ, òî ïðîèçâåäåíèå f(x) cos nx òàêæå áó-
äåò ÷åòíîé. Òàê êàê sin nx íå÷åòíàÿ ôóíêöèÿ, òî ïðîèçâåäåíèå f(x) sin nx

áóäåò íå÷åòíîé.
Òîãäà äëÿ êîýôôèöèåíòîâ Ôóðüå ÷åòíîé ôóíêöèè f(x) ïîëó÷àåì:

an =
1

π

π∫

−π

f(x) cos nxdx =
2

π

π∫

0

f(x) cos nxdx (n = 0, 1, 2, . . . ),

bn =
1

π

π∫

−π

f(x) sin nxdx = 0 (n = 1, 2, . . . ).

Ñëåäîâàòåëüíî, äëÿ ÷åòíîé ôóíêöèè ðÿä Ôóðüå ñîäåðæèò òîëüêî êîñè-
íóñû, ò.å.

f(x) ∼ a0

2
+

∞∑
n=1

an cos nx.

Ïóñòü òåïåðü f(x) � íå÷åòíàÿ ôóíêöèÿ, çàäàííàÿ íà îòðåçêå [−π, π]

(èëè æå íå÷åòíàÿ ïåðèîäè÷åñêàÿ ôóíêöèÿ).
Òàê êàê cos nx ÷åòíàÿ ôóíêöèÿ, òî ïðîèçâåäåíèå f(x) cos nx òàêæå áó-

äåò íå÷åòíîé. Òàê êàê sin nx íå÷åòíàÿ ôóíêöèÿ, òî ïðîèçâåäåíèå f(x) sin nx

áóäåò ÷åòíîé.
Òîãäà äëÿ êîýôôèöèåíòîâ Ôóðüå íå÷åòíîé ôóíêöèè f(x) ïîëó÷àåì:

an =
1

π

π∫

−π

f(x) cos nxdx = 0 (n = 0, 1, 2, . . . ),

bn =
1

π

π∫

−π

f(x) sin nxdx =
2

π

π∫

0

f(x) sin nxdx (n = 1, 2, . . . ).
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Ñëåäîâàòåëüíî, äëÿ íå÷åòíîé ôóíêöèè ðÿä Ôóðüå ñîäåðæèò òîëüêî ñè-
íóñû, ò.å.

f(x) ∼
∞∑

n=1

bn sin nx.

×àñòî âîçíèêàåò çàäà÷à î ðàçëîæåíèè â ðÿä ïî êîñèíóñàì èëè â ðÿä ïî
ñèíóñàì ôóíêöèè f(x), çàäàííîé è àáñîëþòíî èíòåãðèðóåìîé íà îòðåçêå
[0, π].

Äëÿ ðàçëîæåíèÿ ôóíêöèè â ðÿä ïî êîñèíóñàì ïðîäîëæèì f(x) ÷åò-
íûì îáðàçîì ñ îòðåçêà [0, π] íà îòðåçîê [−π, 0]. Òîãäà äëÿ ïðîäîëæåííîé
÷åòíîé ôóíêöèè ñïðàâåäëèâû âñå ïðåäûäóùèå ðàññóæäåíèÿ.

À äëÿ ðàçëîæåíèÿ ôóíêöèè â ðÿä ïî ñèíóñàì ïðîäîëæàåì f(x) íå÷åò-
íûì îáðàçîì ñ îòðåçêà [0, π] íà îòðåçîê [−π, 0]. Òîãäà äëÿ ïðîäîëæåííîé
íå÷åòíîé ôóíêöèè ñíîâà ïðèìåíÿåì ïðåäûäóùèå ðàññóæäåíèÿ.
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